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Abstract. A charged black hole was predicted by the Einstein–Horndeski–Maxwell theory.
In order to provide its observational signatures, we investigate its weak and strong deflection
gravitational lensings. We find its weak deflection lensing observables, including the positions,
magnifications and differential time delay of the lensed images. We also obtain its strong
deflection lensing observables, including the apparent radius of the photon sphere as well as the
angular separation, brightness difference and differential time delay between the relativistic
images. Taking the supermassive black hole in the Galactic Center as the lens, we evaluate
these observables and compare these signatures with those of the Schwarzschild, Reissner-
Nordström, tidal Reissner-Nordström and charged Galileon black holes. After a detailed
analysis of the feasibility of measuring these lensing observables, we conclude that although
it is possible to detect some leading effects of the weak and strong deflection lensings by the
charged Horndeski and other black holes with current technology, it would be unlikely to
distinguish one kind of these black holes from the others based on these detections in the
near future due to lack of enough highly angular resolution in astronomical observations to
tell their differences.
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1 Introduction
As the most general scalar-tensor theory of gravitation in four dimensional spacetime yielding
second-order field equations, the Horndeski theory was constructed in 1974 [1] by inspiration
of the work of Lovelock [2]. It is recently revived again in the aftermath of severe attack from
gravitational wave detection [3]. The discovery of cosmic acceleration [4, 5] has triggered
an extensive search of modifications of the general relativity (GR) [6], in which the scalar-
tensor theories are regarded as the most natural, simplest and consistent modification of
GR and the most well studied and established alternative theories. In the last decade, the
Horndeski theory has played a major role as a ghost-free effective field theory acting as
dark energy because it can include GR, Brans-Dicke theory [7], the f(R) gravity [8, 9], the
Dvali–Gabadadze–Porrati model [10] and the Galileon model [11–14] in some specific limits.
However, after the direct detections of gravitational waves and optical counterpart of a binary
neutron star merger [15–17], the extremely small difference between the phase velocity of the
gravitational wave and the speed of light almost ruled out the whole Horndeski theory as a
candidate of dark energy [18–23] but with few exceptions [24, 25] (see ref. [26] for a recent
review). Nevertheless, it was currently found [3] that the energy scale observed at LIGO is
very close to the cutoff of the Horndeski theory and the operators at the cutoff scale can bring
the speed of gravitational waves to the speed of light at LIGO scale, making this theory alive
again.
Astrophysics under the Horndeski theory also drew much attention. Its effects on the
motions of planets and pulsars and light propagation were constrained in the Solar and stellar
– 1 –
systems [27–30]. While stars were obtained in this theory [31–35] and proved to be absence of
scalar hair [36], Horndeski black holes [37–44] are more attractive since they might be able to
evade the no-hair theorems [45–48]. Stabilities [49, 50] and thermodynamics [51, 52] of these
black holes were also investigated.
As a powerful tool in gravitational physics [53], signals of both weak and strong deflection
gravitational lensing carry an abundance of information on fundamental physics of black holes
and nature of gravity, which might be taken to test the Horndeski theory in a different way
from the gravitational waves. Weak deflection lensing has been employed to provide insights
on astronomy, astrophysics and cosmology [54–58], to test GR and the modified theories of
gravity [59–62] and to probe the interaction between electromagnetic and gravitational fields
[63, 64]. Strong deflection lensing can generate a “shadow” and relativistic images caused by
photons winding several loops around a black hole, which is a unique feature in the nearby
region around the black hole and is not presented in the weak deflection lensing (see [65–67] for
reviews). The photon sphere of a black hole plays an important role in the strong deflection.
The Event Horizon Telescope 1 (EHT) is directly observing and imaging the shadows of the
supermassive black hole Sgr A* in the Galactic Center as well as the supermassive black hole
at the center of M87. Strong deflection lensings by static and symmetric black holes [68–94]
and rotating black holes [95–108] are widely studied and they can be used to discriminate
black holes [109–114], naked singularities [115–118] and wormholes [119–123] as well as test
gravity [124, 125] and its fundamental interaction with electromagnetic field [126–130]. Strong
deflection lensings by a neutral Horndeski black hole [131] and by a charged Galileon black hole
[112] were also studied. Nevertheless, the relativistic images of strong deflection lensing are
extremely faint [73, 74, 132] and significantly hard to detect for current stage of technology.
Therefore, a combination of weak and strong deflection lensing might be complementary
to each other and be able to provide a whole picture of a black hole’s lensing signatures
[76, 91, 133].
In this work, we will focus on the weak and strong deflection gravitational lensings by
a charged Horndeski black hole. It is an asymptotically flat solution to a sub-class of the
Horndeski theory with the scalar field coupled to the background only through the Einstein
tensor in the presence of an electric field [39]. It is more complicated than the charged Galileon
black hole considered in Ref. [112] which is a perturbative solution [40]. As we will show,
their lensing signatures have some similarity in a manner but with enough difference to tell. It
is widely believed that an astrophysical black hole in the real universe must have zero charge
because the surrounding plasma can neutralize it. However, the electric charge of a black
hole can be inherited from its charged collapsed progenitor [134], be acquired by accretion of
charged matter and be induced by its rotation in the external magnetic field [135]. It was
found [136] that Sgr A* may have a small, transient positive charge.
In Sect. 2, the spacetime of the charged Horndeski black hole is briefly reviewed and the
set-up for gravitational lensing is given, including its lens equation as well as its exact forms
of the bending angle and travelling time span for a photon. In Sect. 3, we obtain its weak
deflection lensing observables, including positions, magnifications and differential time delay
of the lensed images. In Sect. 4, the strong deflection lensing observables are found out for the
charged Horndeski black hole, including the apparent size of the photon sphere as well as the
angular separation, brightness difference and differential time delay between the relativistic
images. These results are compared with those of the Schwarzschild, Reissner-Nordström,
1https://eventhorizontelescope.org/
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tidal Reissner-Nordström and charged Galileon black holes in both of scenarios of lensings
and their feasibility of detection are also discussed in these two sections. Finally, in Sect. 5,
we summarize and discuss our results.
2 Metric and gravitational lensing set-up
2.1 Metric
In a four dimensional spacetime, the Lagrangian of the Horndeski theory has a form as
[1, 38, 39]
L = λ1δ
αβγκ
ρσµν R
ρσ
αβR
µν
γκ + λ2δ
αβγ
ρµν ∇αφ∇ρφRµνβγ + λ3δαβµνRµναβ
+Θ+BǫαβγκRµναβR
ν
µγκ (2.1)
where Rµναβ is the Riemann curvature tensor, B is a constant, λ1,2,3 are arbitrary functions
of the scalar field φ and Θ is an arbitrary function of ∇αφ∇αφ and φ. One particular case
of this theory is the scalar field couple to the background only with the Einstein tensor Gµν
controlled by parameter η in the presence of an electromagnetic field Fµν , which reads as
(G = c = 1) [39]
I =
∫ √−gd4x[ R
16π
+
η
2
Gµν∇µφ∇νφ− 1
4
FµνF
µν
]
. (2.2)
It has an asymptotically flat solution describing the charged Horndeski black hole as
ds2 = −A(r)dt2 +B(r)dr2 + C(r)(dθ2 + sin2 θdϕ2) (2.3)
with the functions A(r), B(r) and C(r) as
A(r) = 1− 2m•
r
+
Q
r2
− Q
2
12r4
(2.4)
B(r) =
(
1− Q
2r2
)2
[A(r)]−1 (2.5)
C(r) = r2. (2.6)
where m• is the mass and Q = q
2
e/4 is an integration constant connected with the charge. In
order to ensure the existence of the event horizon and the curvature singularities inside the
horizon, the condition that [52]
0 < Q <
9
8
m2• (2.7)
has to be satisfied.
The charged Horndeski black hole (2.3) is different from a Reissner-Nordström black
hole [137, 138]
ARN(r) = [BRN(r)]
−1 = 1− 2m•
r
+
Q
r2
, CRN(r) = r
2, with 0 < Q < m2• (2.8)
by an extra term of r−4 in A(r) and A(r)B(r) 6= 1. It was also found [52] that its ther-
modynamical behavior is different from the one of a Reissner-Nordström black hole by the
fact that its temperature is always positive but not zero. As a solution in the braneworld
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paradigm [139], the tidal Reissner-Nordström black hole [140] has the same metric as the
Reissner-Nordström black hole does in the formality. The tidal charge Q controls the r−2
terms in both of the metrics. While Q in the Reissner-Nordström black hole is the square of
its electric charge and is always positive, Q in the tidal Reissner-Nordström black hole can be
negative because of the gravitational effects from the fifth dimension [140]. As a perturbative
solution to the theory (2.2), the charged Galileon black hole [40] is more similar to the charged
Horndeski black hole and has the metric with positive Q as
ACG(r) = 1− 2m•
r
+
Q
r2
(2.9)
BCG(r) =
(
1 +
Q
r2
)−1
[ACG(r)]
−1 (2.10)
CCG(r) = r
2, (2.11)
with
0 < Q < m2•. (2.12)
2.2 Gravitational lensing set-up
Although based on quite different contexts, the mathematical descriptions of these four black
hole solutions, i.e., the charged Horndeski, Reissner-Nordström, tidal Reissner-Nordström and
charged Galileon black hole, are close to each other. It will be theoretically and practically
interesting to know their observational signatures that might be helpful to distinguish them.
In this work, we focus on their gravitational lensings, especially by a supermassive black hole,
because ground-based infrared and radio interferometry [141, 142] have continuously improved
capabilities to probe lensing signals of Sgr A* and M87 and physical processes nearby them.
Detection of gravitational waves from supermassive black hole binaries may have to wait for
next generation space-borne detectors.
For an isolated black hole, the exact bending angle of a deflected light ray can be obtained
as [73, 143]
αˆ(r0) = 2
∫ ∞
r0
√
B(r)√
C(r)
√
C(r)
C(r0)
A(r0)
A(r) − 1
dr − π, (2.13)
where r0 is the closet approach distance of the photon to the black hole. When r0 ≫ 2m•, αˆ
will be much less than 1 and this integral can be handled in the small angle approximation,
giving the weak deflection lensing. As r0 decreases to 2m•, αˆ increases and diverges eventually,
giving the strong deflection lensing. In order to find the lensing observables, we take the lens
equation as [73, 74]
tanB = tan ϑ−D[tanϑ+ tan(αˆ− ϑ)], (2.14)
where B is the angular position of the source, ϑ is the angular position of the image, D =
DLS/DOS and DLS and DOS are the angular diameter distances from the lens to the source
and from the observer to the source. For a lensed image, its (signed) magnification µ can be
found as [144]
µ(ϑ) =
[
sinB(ϑ)
sinϑ
dB(ϑ)
dϑ
]−1
. (2.15)
If the brightness of a source is variable, the differential time delay between its lensed images
would be possibly measurable. Its value can be obtained by making use of the total time span
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for a photon traveling from the source to the observer [78, 88, 143]
T = T (Rsrc) + T (Robs), (2.16)
with
T (R) =
∫ R
r0
∣∣∣∣dtdr
∣∣∣∣dr (2.17)
and
dt
dr
=
√
B(r)C(r)A(r0)
A(r)
√
C(r0)
√
C(r)
C(r0)
A(r0)
A(r) − 1
, (2.18)
where Robs = DOL is the distance from the observer to the lens and Rsrc = (D
2
OS tan
2 B +
D2LS)
1/2 is the radial coordinate of the source with respect to the lens.
The bending angle, the lens equation, the magnification and the time delay will be
evaluated in both weak and strong deflection lensings and their resulting observables will be
discussed for a specific case of Sgr A*.
3 Weak deflection lensing
In the scenario of weak deflection lensing, the closet approach distance of a light ray to the
lens is much larger than its gravitational radius, r0 ≫ m•, so that no photon in the ray from
the source to the observer winds around the lens. Therefore, deflection angle caused by the
charged Horndeski black hole can be written in the form of a series for weak deflection lensing
as
αˆ(u) = 4
m•
u
+
(
15
4
− q
)
π
(
m•
u
)2
+
8
3
(16− 7q)
(
m•
u
)3
+O
(
m4•
u4
)
(3.1)
where u is the impact parameter satisfying C(r0) = u
2A(r0) and q ≡ Q/m2•.
For convenience in the following works, we define scaled variables [59–61]
β =
B
ϑE
, θ =
ϑ
ϑE
, τˆ =
τ
τE
, ε =
ϑ•
ϑE
, (3.2)
where ϑ• = arctan(m•/DOL) is the angular gravitational radius at distance DOL, τ is the
time delay between images, the angular Einstein ring radius is
ϑE =
√
4m•DLS
DOLDOS
(3.3)
and the time scale is
τE = 4m•. (3.4)
We also assume the observer is far from the lens so that ε can serve as a small parameter to
obtain higher-order observables for the charged Horndeski black hole. These next-to-leading-
order observables will be critical for distinguishing various charged black holes by the weak
deflection lensing since their leading signals are as the same as those of the Schwarzschild
black hole in GR (see below for details).
After a comparison of lensing observables by the charged Horndeski, Reissner-Nordström,
the tidal Reissner-Nordström and charged Galileon black holes, we find that the outcomes of
the weak deflection lensings by the charged Horndeski and Galileon black holes are the same
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so that specific expressions for the charged Galileon black hole are omitted. Meanwhile, the
Reissner-Nordström and the tidal Reissner-Nordström black holes share the same formality
but with opposite signs of the charges. Their observables of the weak deflection lensing
are different from those of the charged Horndeski and Galileon black holes. However, these
differences appear only in the next-to-leading-order terms. The details of weak deflection
lensing by the (tidal) Reissner-Nordström black hole are given in appendix A (see also refs.[59,
145]) and they are in the forms which can be directly compared with those of the charged
Horndeski and Galileon black holes.
3.1 Image positions and their relations
According to the small parameter ε in the weak deflection lensing, we assume that the position
of a lensed image, which is a solution to the lens equation (2.14), can be expressed in the
form of a series as
θ = θ0 + εθ1 + ε
2θ2 +O(ε3), (3.5)
where θ0, θ1 and θ2 are respectively its 0th-, 1st- and 2nd-order approximations. Following the
well-established procedure [59–61], we substitute it into the lens equation (2.14), rearrange
the lens equation in terms of ε and obtain θn (n = 0, 1, 2) by vanishing the coefficients of ε
n.
We find that θn for the charged Horndeski black hole are
θ0 =
1
2
(β + η), (3.6)
θ1 =
π
4(θ20 + 1)
(
15
4
− q
)
, (3.7)
θ2 =
1
θ0(θ20 + 1)
3
[
8
3
D2θ80 +D
(
64
3
D − 16
)
θ60 +
(
88
3
D2 − 32D + 16
)
θ40
+θ20
(
16
3
D2 − 16D + 32− 225
128
π2
)
− 16
3
D2 + 16− 225
256
π2
]
− q
θ0(θ
2
0 + 1)
3
[
14
3
θ40 +
(
28
3
− 15
16
π2
)
θ20 −
15
32
π2 +
14
3
]
− q
2π(2θ20 + 1)
16θ0(θ20 + 1)
3
, (3.8)
where D = DLS/DOS and
η =
√
β2 + 4. (3.9)
It is obvious that θ0 is not affected by the charge q and its value is identical with the one of
the Schwarzschild black hole in GR. The differences arise in θ1 and θ2 which return to the
ones of the Schwarzschild black hole in the absence of q [59].
In the aforementioned equations and hereafter, we adopt the convention of refs. [59–61]
that the angles of image positions are set to be positive. It means that the position of the
source B is positive if the image is on the same side of the lens as the source, while it is
negative if the image is on the opposite side.
Therefore, we can respectively find out the positive- and negative-parity images at each
orders as
θ±0 =
1
2
(η ± |β|), (3.10)
– 6 –
θ±1 =
(15− 4q)π
8η(η ± |β|) , (3.11)
θ±2 =
1
η3(η ± |β|)4
{
64
3
D2β8 +D
(
1024
3
D − 128
)
β6
+
(
5056
3
D2 − 1024D + 128
)
β4
+
(
8576
3
D2 − 2304D + 768− 225
16
π2
)
β2
+
2560
3
D2 − 1024D + 1024 − 675
16
π2
−q
[
112
3
β4 +
(
224− 15
2
π2
)
β2 +
896
3
− 45
2
π2
]
−q2π2(β2 + 3)
}
± η|β|
η3(η ± |β|)4
[
64
3
D2β6 +D
(
896
3
D − 128
)
β4
+
(
3392
3
D2 − 768D + 128
)
β2
+
3328
3
D2 − 1024D + 512− 225
16
π2
−q
(
112
3
β2 +
448
3
− 15
2
π2
)− q2π2], (3.12)
which hold useful relations that
θ+0 − θ−0 = |β|, (3.13)
θ+0 θ
−
0 = 1, (3.14)
θ+1 + θ
−
1 =
15 − 4q
16
π, (3.15)
θ+1 − θ−1 = −
(15 − 4q)π|β|
16η
, (3.16)
θ+2 − θ−2 = −|β|
[
16− 8D2 − 225
256
π2
−q
(
14
3
− 15
32
π2
)
− 1
16
π2q2
]
. (3.17)
It is clearly shown again that the differences between the charged Horndeski and the Sch-
warzschild black hole begin to appear in the next-to-leading-order approximations.
3.2 Magnifications and their relations
Using the same scheme, we expand µ into a series of ε as
µ = µ0 + εµ1 + ε
2µ2 +O(ε3), (3.18)
and obtain its 0th-, 1st- and 2nd-order approximations of the charged Horndeski black hole
as
µ0 =
θ40
θ40 − 1
, (3.19)
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µ1 = −(15− 4q)πθ
3
0
16(θ20 + 1)
3
, (3.20)
µ2 =
θ20
(θ20 + 1)
5(θ20 − 1)
[
8
3
D2θ80 + (48D
2 − 32D − 32)θ60
+
(
272
3
D2 − 64D + 675
128
π2 − 64
)
θ40
+(48D2 − 32D − 32)θ20 +
8
3
D2
]
+
qθ40
(θ20 + 1)
5(θ20 − 1)
[
28
3
θ40 +
(
56
3
− 45
16
π2
)
θ20 +
28
3
]
+
3q2π2θ60
8(θ20 + 1)
5(θ20 − 1)
. (3.21)
We further obtain their values for the positive- and negative-parity images as
µ±0 =
1
2
± β
2 + 2
2|β|η , (3.22)
µ+1 = µ
−
1 = −
(15− 4q)π
16η3
, (3.23)
µ±2 = ±
1
|β|η5
[
8
3
D2β4 +
(
176
3
D2 − 32D − 32
)
β2
−128D + 192D2 + 675
128
π2 − 128
+q
(
28
3
β2 +
112
3
− 45
16
π2
)
+
3
8
q2π2
]
, (3.24)
which have very simple relations
µ+0 + µ
−
0 = 1, (3.25)
µ+1 − µ−1 = 0, (3.26)
µ+2 + µ
−
2 = 0. (3.27)
and a clean combination
µ+0 θ
+
1 + µ
−
0 θ
−
1 + µ
+
1 θ
+
0 + µ
−
1 θ
−
0 = 0. (3.28)
Like the situations of the image positions and their relations, the leading term of the
magnifications has no difference from its corresponding value for the Schwarzschild black hole
while the elegant relations of the magnifications might be potentially used in the consistency
check of observations on the lensed images.
3.3 Total magnification and centroid
If the two lensed images cannot be practically resolved, the observables will be the total
magnification of them and their magnification-weighted centroid position. With the help of
eqs. (3.25)–(3.27), we can have the total magnification as
µtot = |µ+|+ |µ−|
– 8 –
= (2µ+0 − 1) + 2ǫ2µ+2 +O(ε3). (3.29)
Since µ+1 and µ
−
1 cancel out each other exactly due to eq. (3.26), there is no O(ε) term,
suggesting that distinguishing the charged Horndeski black hole from the others by measuring
total magnification requires the accuracy to reach the second-order level.
The magnification-weighted centroid position is defined by
Θcent =
θ+|µ+| − θ−|µ−|
|µ+|+ |µ−| =
θ+µ+ + θ−µ−
µ+ − µ− , (3.30)
and it can be also expanded in the series of ε as
Θcent = Θ0 + εΘ1 + ε
2Θ2 +O(ε3), (3.31)
where the 0th-, 1st- and 2nd-order approximations are
Θ0 = |β|β
2 + 3
β2 + 2
, (3.32)
Θ1 = 0, (3.33)
Θ2 =
|β|
η2(β2 + 2)
[
8
3
D2β6 +
(
104
3
D − 16
)
Dβ4 +
(
272
3
D2
−64D + 32
)
β2 − 64
3
D2 − 675
128
π2 + 128
−q
(
28
3
β2 − 45
16
π2 +
112
3
)
− 3
8
qπ2
]
. (3.34)
Likewise, the O(ε) term in Θcent vanishes due to the cancellation between µ+1 and µ−1 , de-
manding highly astrometric accuracy for any tests based on measuring the centroid position
to access the second-order effects.
3.4 Differential time delay
The time delay is the difference between the light travel time with and without the lens and
it can be expressed as [59, 60]
cτ = T (Rsrc) + T (Robs)− DOS
cosB . (3.35)
The function T (R), see eq. (2.17), can be integrated and expanded as
T (R) = T0 +
3∑
k=1
mk•
rk0
r0Tk +O
(
m4•
r40
)
, (3.36)
where the functions Tn in the 0th-, 1st-, 2nd- and 3rd-order approximations are
T0 =
√
R2 − r20, (3.37)
T1 =
√
1− ξ2
1 + ξ
+ 2 ln
(
1 +
√
1− ξ2
ξ
)
, (3.38)
T2 =
(
15
2
− 2q
)(
π
2
− arcsin ξ
)
−
(
2 +
5
2
ξ
)√
1− ξ2
(ξ + 1)2
, (3.39)
– 9 –
T3 = −
(
15
2
− 2q
)(
π
2
− arcsin ξ
)
+
√
1− ξ2
2(ξ + 1)2
[(35 − 18q)ξ3 + (133 − 62q)ξ2
+(157− 70q)ξ + 60− 26q], (3.40)
with
ξ =
r0
R
. (3.41)
The first term T0 origins from the Euclidean geometry, while the second term is as the same
as the Shapiro delay in GR which is not affected by the charged Horndeski black hole.
Changing r0 into u and using the expressions of Rsrc and Robs, the scaled time delay
can also be found as a series
τˆ = τˆ0 + ετˆ1 +O(ε2), (3.42)
where
τˆ0 =
1
2
[
1 + β2 − θ20 − ln
(
DOLθ
2
0ϑ
2
E
4DLS
)]
, (3.43)
τˆ1 =
(15 − 4q)π
16θ0
. (3.44)
In principle, the O(ε2) term for τˆ could be obtained as well, but it is less significant than
the O(ε2) corrections to the image positions θ and magnifications µ. Once again, the leading
effects of the time delay cannot tell difference of the charged Horndeski black hole from the
Schwarzschild black hole and detecting its next-to-leading-order term will be critical for that
purpose.
However, the absolute value of the time delay for a single lensed image is never accessible
in the weak deflection lensing. The practical observable is the differential time delay between
the positive- and negative-parity images as
∆τˆ = τˆ− − τˆ+. (3.45)
It also has a series form
∆τˆ = ∆τˆ0 + ε∆τˆ1 +O(ε2), (3.46)
where
∆τˆ0 =
1
2
η|β| + ln
(
η + |β|
η − |β|
)
, (3.47)
∆τˆ1 =
15− 4q
16
π|β| (3.48)
It is theoretically feasible to test the charged Horndeski black hole by measuring the differ-
ential time delay between two lensed images but such a measurement has to reach enough
accuracy beyond the differential Shapiro delay.
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3.5 Practical observables
Using these lensing quantities and their relations, we can have practical observables for the
weak deflection lensing by the charged Horndeski black hole. Therefore, the scaled variables
(β, θ, µ, τˆ ) must be converted to the physical ones (B, ϑ, F, τ) in which F is the flux of the
light. Observables of the weak deflection lensing usually are the positions, magnitudes of
brightness, centroid and differential time delay between the lensed images. The fluxes are
connected to the magnifications through the flux of the source, i.e., Fi = |µi|Fsrc. Some
possibly measurable observables are [59, 60]
Ptot ≡ ϑ+ + ϑ− = E + 15− 4q
16
επϑE +O(ε2), (3.49)
∆P ≡ ϑ+ − ϑ− = |B|
(
1− 15− 4q
16
επ
ϑE
E
)
+O(ε2), (3.50)
Ftot ≡ F+ + F− = FsrcB
2 + 2ϑ2E
|B|E +O(ε
2), (3.51)
∆F ≡ F+ − F− = Fsrc − Fsrc 15− 4q
8
επ
ϑ3E
E3 +O(ε
2), (3.52)
Scent ≡ ϑ
+F+ − ϑ−F−
Ftot
= |B|B
2 + 3ϑ2E
B2 + 2ϑ2E
+O(ε2), (3.53)
∆τ =
DOLDOS
cDLS
{
1
2
|B|E + ϑ2E ln
(
E + |B|
E − |B|
)
+ ε
15 − 4q
16
πϑE|B|+O(ε2)
}
, (3.54)
where
E =
√
B2 + 4ϑ2E. (3.55)
They are main signals of the weak deflection lensing by the charged Horndeski black hole.
Among them, the O(ε2) terms in the practical observables are neglected because they are too
small to be reachable in the foreseen future. Since the O(ε) terms of the total magnification
(3.29) and the centroid (3.33) are exactly cancelled, the total flux Ftot and the practical
centroid Scent of the lensed images have the O(1) terms only, which are not affected by any
charge q.
In order to indicate their deviations from those of the Schwarzschild black hole, we define
that
δPtot ≡ Ptot − Ptot(q = 0) = −q
4
επϑE +O(ε2), (3.56)
δ∆P ≡ ∆P −∆P (q = 0) = q
4
επ|B|ϑEE +O(ε
2), (3.57)
δrtot ≡ 2.5 log10
[
Ftot
Ftot(q = 0)
]
= O(ε2), (3.58)
δ∆r ≡ 2.5 log10
[
∆F
∆F (q = 0)
]
=
5
4 ln 10
qεπ
ϑ3E
E3 +O(ε
2), (3.59)
δScent ≡ Fcent − Fcent(q = 0) = O(ε2), (3.60)
δ∆τ ≡ ∆τ −∆τ(q = 0) = −DOLDOS
4cDLS
εqπϑE|B|+O(ε2), (3.61)
where the differences between fluxes are converted into magnitudes. The deviations in δPtot,
δ∆P , δ∆r and δ∆τ are at the order of ε, making them likely to be detected in the near
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future, while the deviations in δrtot and δScent are smaller than them by another of order ε,
rendering them hardly to be detected.
Because Sgr A* is the only supermassive black hole with orbiting stars that can be
directly observed, we consider it as the lens with M = 4.28 × 106 M⊙ and DOL = 8.32 kpc
[146] and a source orbiting it with a distance DLS = 10
−3 pc whose the angular Einstein
radius is θE = 710 µas and small parameter ε is 7.2× 10−3 due to DOS ≈ DOL. We note that
the star S175 orbiting Sgr A* has the periastron distance of 2× 10−4 pc [146], less than our
assumption of DLS. We will discuss Ptot, ∆P , ∆F and ∆τ and their deviations from those
of the Schwarzschild black hole, since q appears at their first order approximations in terms
of ε.
3.6 Example for Sgr A*
Figure 1 shows these lensing observables (left y-axis) and their deviations from those of the
Schwarzschild black hole (right y-axis) by the charged Horndeski, Reissner-Nordström, tidal
Reissner-Nordström and charged Galileon black holes with Sgr A* as the lens for β = 0.5. It
is worth mentioning that the charged Horndeski and the charged Galileon black holes have
the same observables for the weak deflection lensing and the Reissner-Nordström and tidal
Reissner-Nordström black holes have the same formulae for their weak deflection lensings and
observables but with opposite signed q (see appendix A) .
For all of these black holes, the angular separations between two lensed images Ptot are
about 1.47 milliarcsecond (mas), much larger than the current resolution of 50 µas realized
by phase referencing optical/infrared interferometry [141] so that these two images would
potentially be able to resolved. For a given positive q, Ptot of the Reissner-Nordström black
hole is slightly bigger than the one of the charged Horndeski black hole, while the negative
q makes the tidal Reissner-Nordström black hole has even larger Ptot. Their deviations from
the one of the Schwarzschild black hole δPtot range from −4 to 2 µas, where the deviation of
the tidal Reissner-Nordström black hole is positive and the others are negative. Although the
δPtot of the charged Horndeski black hole is most significant among them, it is too small to
detect for current technology. The angular differences between the two lensed images ∆P for
these black holes are all about 0.3 mas, potentially resolvable for current ability. Contrary
to the cases of Ptot, the charged Horndeski black hole has the biggest ∆P and the tidal
Reissner-Nordström black hole has the smallest one. Their deviations from the one of the
Schwarzschild black hole δ∆P are mostly below the level of 1 µas, making them undetectable
for now. The normalized fluxes difference ∆F/Fsrc for these black holes are close to 0.998 and
their absolute deviations from the Schwarzschild black hole’s δ∆r are about 4 × 10−4 mag,
equivalent to relative flux of about 370 parts per million (ppm), where the charged Horndeski
black hole has the biggest values of these two quantities for a given |q|. Such a small difference
of δ∆r is (marginally) reachable for a space telescope, such as Transiting Exoplanet Survey
Satellite with 300 ppm photometric resolution [147], but flares of Sgr A* would wipe it out
easily. The differential time delay between the two lensed images ∆τ for these black holes
are at the level of 86 s and their absolute deviations from the Schwarzschild black hole’s δ∆τ
are less than 0.26 s. Among them, the charged Horndeski black hole has the smallest values
of ∆τ and δ∆τ for a given |q|. These two timing signals are both significantly shorter than
the time span of a typical astronomical observation session lasting for hours and, therefore,
are unable to be measured.
In a summary of the weak deflection lensing by these charged black holes, we find that
(1) among the lensing observables, the leading effects of Ptot, ∆P and ∆F can be detected
– 12 –
by current technology; (2) among their deviations from those of the Schwarzschild black hole,
only δ∆r is within today’s capability if the flare of Sgr A* can be well handled; and (3) the
existing technology is unable to detect the charge of these black holes and distinguish them
further based on the deviations of their lensing observables from those of the Schwarzschild
black hole.
4 Strong deflection lensing
In the scenario of strong deflection lensing, the closet approach distance of a light ray to the
lens is very close to its gravitational radius so that the bending angle (2.13) will increase
and eventually diverge as r0 decreases. It suggests that, before photons in the ray arrive
the observer, they wind around the lens for several loops, which never happens in the weak
deflection lensing.
4.1 Strong deflection limit and observables
An effectively analytic way to deal with such a divergence is to expand the integral of the
bending angle near the photon sphere by the method of strong deflection limit [75]. The
photon sphere is the innermost circular orbit for a photon and its radius satisfies the following
equation [74, 148]
C ′(r)
C(r)
=
A′(r)
A(r)
, (4.1)
where ′ denotes derivative against r. It is the biggest root of the resulting quartic equation of
r, which can be found as rm. Therefore, the deflection angle in the strong deflection lensing
can be expanded as [75]
αˆ(θ) = −a¯ log
(
θDOL
um
− 1
)
+ b¯+O[(u− um) log(u− um)], (4.2)
where u is the impact parameter satisfying C(r0) = u
2A(r0) and r0 is the closet approach
distance of the photon. The subscript m means evaluating at r = rm at the photon sphere
so that um holds C(rm) = u
2
mA(rm). The strong deflection limit coefficients in the above
equation can be obtained as [75]
a¯ =
Rm
2
√
γm
, (4.3)
b¯ = −π + bR + a¯ ln
(
2γm
Am
)
, (4.4)
where some immediate quantities are
γm =
Cm(1−Am)2 (AmC ′′m − CmA′′m)
2A2mC
′2
m
, (4.5)
Rm =
2(1−Am)
√
AmBm
A′m
√
Cm
, (4.6)
bR =
∫ 1
0

 2(1−Am)√A(z)B(z)
A′(z)C(z)
√
Am
Cm
− A(z)C(z)
− Rm
z
√
γm

 dz, (4.7)
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Figure 1. Weak deflection lensing observables (left y-axis) and their deviations from those of the
Schwarzschild black hole in GR (right y-axis) by Sgr A* in the cases of the charged Horndeski (CH),
Reissner-Nordström (RN), tidal Reissner-Nordström (TRN) and charged Galileon (CG) black holes
for β = 0.5.
and the variable z in the integral is defined by
z =
A(r)−Am
1−Am , (4.8)
– 14 –
with ′ and ′′ meaning derivative against r once and twice. They ensure that a¯ and b¯ can be
calculated according to the metric (2.3) of the charged Horndeski black hole for any valid q.
If we consider that both the source and the observer are very far from the lens and in the
asymptotically flat spacetime and three of them are nearly aligned with the lens, then the
lens equation (2.14) can be simplified as [72]
β = θ − DLS
DOS
[αˆ(θ)− 2nπ], n ∈ Z (4.9)
where β, θ and αˆ(θ) − 2nπ are all very small. The integer n denotes the number of loops
wound around by the photon, which will form the resulting relativistic image.
In order to study the differential time delay between two relativistic images of a variable
source, we change the total time span, eq. (2.16), into the following form as [78]
T = T˜ (r0)−
∫ ∞
DOL
∣∣∣∣ dtdr
∣∣∣∣ dr −
∫ ∞
DLS
∣∣∣∣ dtdr
∣∣∣∣ dr. (4.10)
Based on the facts that the source and the observer are in the asymptotically flat spacetime,
we can obtain its second and third terms by means of the approach in the weak deflection
lensing, while the first term coming from the strong deflection lensing is
T˜ (r0) =
∫
∞
r0
2
∣∣∣∣ dtdr
∣∣∣∣ dr, (4.11)
where dt/dr can be found in eq. (2.18). It can also be integrated in the strong deflection
limit as [78]
T˜ (u) = −a˜ ln
(
u
um
− 1
)
+ b˜+O[(u− um) log(u− um)], (4.12)
where a˜ and b˜ are strong deflection limit coefficients and a˜ = a¯ um for the charged Horndeski
black hole (2.3).
With the helps of the deflection angle (4.2) and the lens equation (4.9), the apparent
radius of the photon sphere θ∞, the angular separation between the first relativistic image
and other packed images s and their brightness difference ∆m can be found as [75]
θ∞ =
um
DOL
, (4.13)
s = θ∞ exp
(
b¯
a¯
− 2π
a¯
)
, (4.14)
∆m = 2.5 log10
[
exp
(
2π
a¯
)]
. (4.15)
If the brightness of the source varies, we can also calculate the differential delay between the
first and second relativistic images ∆T2,1 by making use of eq. (4.12) as [78]
∆T2,1 = ∆T
0
2,1 +∆T
1
2,1, (4.16)
where the leading and correction terms are
∆T 02,1 = 2πum, (4.17)
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∆T 12,1 = 2
√
Bm
Am
√
um
cm
exp
(
b¯
a¯
)[
exp
(
−π
a¯
)
− exp
(
−2π
a¯
)]
(4.18)
with
cm = γm
√
Am
C3m
C ′m
2
2(1 −Am)2 (4.19)
and their ratio
η2,1 =
∆T 12,1
∆T2,1
. (4.20)
Since ∆T 02,1 is effectively equivalent to um, only ∆T
1
2,1 can provide extra information.
The effects of the charged Horndeski black hole with respect to their corresponding
values of the Schwarzschild black hole in GR can also be indicated by
δθ∞ = θ∞ − θ∞(q = 0), (4.21)
δs = s− s(q = 0), (4.22)
δ∆m = ∆m−∆m(q = 0), (4.23)
δ∆T2,1 = ∆T2,1 −∆T2,1(q = 0), (4.24)
δη2,1 = η2,1 − η2,1(q = 0). (4.25)
4.2 Example for Sgr A*
Figure 2 shows strong deflection lensing observables (left y-axis) and their deviations from
those of the Schwarzschild black hole (right y-axis) by the charged Horndeski, Reissner-
Nordström, tidal Reissner-Nordström and charged Galileon black holes with Sgr A* as the
lens. The strong deflection lensing of the Reissner-Nordström, tidal Reissner-Nordström and
charged Galileon black hole were respectively investigated in refs. [75, 76, 145, 149], refs.
[80, 90, 109, 150, 151] and ref. [112].
For all of these black holes, their apparent radius of the photon sphere (“shadow”) θ∞
range from 19 to 30 µas, which would be resolved by EHT with angular resolution of 20 µas
[142]. The negative charge q can enlarge θ∞ for the tidal Reissner-Nordström black hole, while
the positive charge q make it shrink for the other black holes, which have almost the same
curves of θ∞ against q. However, since the charged Horndeski black hole can have a larger q
up to 9/8, it can possess an even smaller shadow. Whereas EHT can resolve the shadow, it
cannot distinguish these black holes because the absolute deviations of their θ∞ from the one
of the Schwarzschild black hole are no more than 7 µas. The angular separations between the
first relativistic image and other packed images s for these black holes change significantly
from 20 to 150 nanosecond (nas). Compared with the one of the Schwarzschild black hole,
the negative charge of the tidal Reissner-Nordström black hole suppress this separation, while
the other black holes with positive charges can magnify it by a factor of 4 and have obviously
different dependence on q. For a given positive q, the charged Horndeski black hole has the
smallest values of s and its behaviour on s is more similar to the charged Galileon black hole’s
than the Reissner-Nordström black hole’s. Although this situation benefits telling one kind of
black hole from the others, the tininess of s makes it hardly accessible in the foreseen future.
Contrary to the cases of s for these black holes, the brightness differences between the first
relativistic image and other packed images ∆m show opposite relations on q. The negative
charge of the tidal Reissner-Nordström black hole can raise the contrast of them, while the
positive charges of other black holes make the brightness of them closer. The magnitude of
– 16 –
∆m is theoretically within the current ability of photometry but measuring it is practically
impossible because there is not enough resolution to separate these relativistic images. The
differential time delay between the relativistic images ∆T2,1 for these black holes are all less
than 14 min, where the tidal Reissner-Nordström black hole has the biggest values and others
are smaller than the one of the Schwarzschild black hole by about 3 min. The curves of
∆T2,1 have almost the same shapes with those of θ∞, which is caused by the dominance of
∆T 02,1 ∝ um in ∆T2,1 as the ratio of its correction to the total delay η2,1 is less than 5%. ∆T2,1
of Sgr A* is unable to measure since it is much shorter than the time span for observation
sessions of EHT.
In a summary of the strong deflection lensing of these charged black holes, we find
that (1) among the lensing observables, the apparent size of the photon sphere for Sgr A* is
within the current capability of EHT; (2) there is not enough resolution to distinguish these
kinds of black holes based on such a measurement; and (3) resolving the relativistic images
of these black holes requires technology far beyond this age so that it would be impossible
to measure their angular separation, brightness difference and differential time delay in the
foreseen future.
5 Conclusions and discussion
We investigate the weak and strong deflection gravitational lensings by the charged Horndeski
black hole and compare its signals with those of the Reissner-Nordström, tidal Reissner-
Nordström and charged Galileon black holes, hoping to provide hints for distinguishing these
kind of black holes by observing the supermassive black hole in the Galactic Center, Sgr A*,
with infrared and radio interferometry in the future. Weak deflection lensing observables for
the charged Horndeski and other black holes, including positions, magnifications and differ-
ential time delay between the lensed images and their relations are obtained. The practical
observables are also constructed and analysed. We find that, for Sgr A* as the lens, although
the angular separation, angular difference and fluxes difference between the two lensed images
are within the thresholds of current technology, the deviations of these observables from those
of the Schwarzschild black hole are either too small to detect or easily to be wiped out by the
flares of Sgr A*. Strong deflection lensing observables, including the apparent radius of the
photon sphere as well as the angular separation, brightness difference and differential time
delay between the relativistic images, are found and evaluated by taking Sgr A* as the lens.
We find that only the apparent size of the photon sphere can be potentially measured by
EHT whereas its resolution is not enough to distinguish these charged black holes, and there
is no technology that can resolve the relativistic images of them in the foreseen future.
The charged Horndeski black hole we have discussed is a non-rotating one. Nevertheless,
an astrophysical black hole is very likely spinning. This fact might make our result (partially)
inapplicable if this spin is not negligible. In order to describe a rotating charged Horndeski
black hole and obtain its weak and strong lensing signals, we must have its metric, which is,
to our knowledge, unavailable for now. Based on previous works on light propagation and
gravitational lensing by a charged and/or spinning black hole in its weak [152–168] and strong
[95–98, 100, 169, 170] fields, we would expect that the spinning of an charged Horndeski black
hole would shift the caustic and extend it to a finite shape, distort and displace the photon
sphere, and make the lens equation more complex, which will be left for future studies. The
determinations of the charge and the spacetime of Sgr A* based on observations are also
complicated works. Emissions and flares of Sgr A* can make the lensed images in the weak
– 17 –
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Figure 2. Strong deflection lensing observables (left y-axis) and their deviations from those of the
Schwarzschild black hole in GR (right y-axis) by Sgr A* in the cases of the charged Horndeski black
hole (CH), Reissner-Nordström (RN), tidal Reissner-Nordström (TRN) and charged Galileon (CG)
black holes.
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deflection lensing hardly resolvable, while plasma in the environments of Sgr A* and its
underlying general relativistic magnetohydrodynamics can render the apparent shape of the
photon sphere no longer regular. Therefore, we just give direct hints of weak and strong
deflection gravitational lensing signals by a non-rotating charged Horndeski black hole with
analytical methods. It indeed requires more sophisticated researches in the future.
A Weak deflection lensing by a (tidal) Reissner-Nordström black hole
Since the Reissner-Nordström and tidal Reissner-Nordström black holes have the same metric
but with opposite charge q, we only show the results of the Reissner-Nordström one here.
In the weak deflection lensing, the deflection angle for a light ray caused by the Reissner-
Nordström black hole is
αˆRN(u) = 4
m•
u
+
3
4
(5− q)π
(
m•
u
)2
+ 16
(
8
3
− q
)(
m•
u
)3
+O
(
m4•
u4
)
. (A.1)
The position of its lensed image is
θRN = θRN0 + εθRN1 + ε
2θRN2 +O(ε3), (A.2)
where
θRN0 =
1
2
(β + η), (A.3)
θRN1 =
3(5− q)π
16(θ20 + 1)
, (A.4)
θRN2 =
1
θ0(θ20 + 1)
3
[
8
3
D2θ80 +D
(
64
3
D − 16
)
θ60 +
(
88
3
D2 − 32D + 16
)
θ40
+θ20
(
16
3
D2 − 16D + 32− 225
128
π2
)
− 16
3
D2 + 16− 225
256
π2
]
− q
θ0(θ20 + 1)
3
[
4θ40 +
(
8− 45
64
π2
)
θ20 −
45
128
π + 4
]
− 9q
2π(2θ20 + 1)
256θ0(θ20 + 1)
3
. (A.5)
Therefore, the positions of the positive- and negative-parity images for the Reissner-Nordström
black hole are
θ±RN0 =
1
2
(η ± |β|), (A.6)
θ±RN1 =
3(5− q)π
8η(η ± |β|) , (A.7)
θ±RN2 =
1
η3(η ± |β|)4
{
64
3
D2β8 +D
(
1024
3
D − 128
)
β6
+
(
5056
3
D2 − 1024D + 128
)
β4
+
(
8576
3
D2 − 2304D + 768− 225
16
π2
)
β2
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+
2560
3
D2 − 1024D + 1024 − 675
16
π2
−q
[
32β4 +
(
192 − 45
8
π2
)
β2 + 256− 135
8
π2
]
− 9
16
q2π2(β2 + 3)
}
± η|β|
η3(η ± |β|)4
[
64
3
D2β6 +D
(
896
3
D − 128
)
β4
+
(
3392
3
D2 − 768D + 128
)
β2
+
3328
3
D2 − 1024D + 512− 225
16
π2
−q
(
32β2 + 128 − 45
8
π2
)− q2
16
π2
]
. (A.8)
They have relations as
θ+RN0 − θ−RN0 = |β|, (A.9)
θ+RN0θ
−
RN0 = 1, (A.10)
θ+RN1 + θ
−
RN1 =
3(5 − q)
16
π, (A.11)
θ+RN1 − θ−RN1 = −
3(5− q)π|β|
16η
, (A.12)
θ+RN2 − θ−RN2 = −|β|
[
16− 8D2 − 225
256
π2
−q
(
4− 45
128
π2
)
− 9
256
q2π2
]
, (A.13)
The magnifications of the weak deflection lensing by the Reissner-Nordström black hole
are
µRN = µRN0 + εµRN1 + ε
2µRN2 +O(ε3), (A.14)
where
µRN0 =
θ40
θ40 − 1
, (A.15)
µRN1 = −3(5− q)πθ
3
0
16(θ20 + 1)
3
, (A.16)
µRN2 =
θ20
(θ20 + 1)
5(θ20 − 1)
[
8
3
D2θ80 + (48D
2 − 32D − 32)θ60
+
(
272
3
D2 − 64D + 675
128
π2 − 64
)
θ40
+(48D2 − 32D − 32)θ20 +
8
3
D2
]
+
qθ40
(θ20 + 1)
5(θ20 − 1)
[
8θ40 +
(
16− 135
64
π2
)
θ20 + 8
]
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+
27q2π2θ60
128(θ20 + 1)
5(θ20 − 1)
. (A.17)
Their values for the positive- and negative-parity images are
µ±RN0 =
1
2
± β
2 + 2
2|β|η , (A.18)
µ+RN1 = µ
−
RN1 = −
3(5− q)π
16η3
, (A.19)
µ±RN2 = ±
1
|β|η5
[
8
3
D2β4 +
(
176
3
D2 − 32D − 32
)
β2
−128D + 192D2 + 675
128
π2 − 128
+q
(
8β2 + 32 − 135
64
π2
)
+
27
128
q2π2
]
, (A.20)
which also hold relations as
µ+RN0 + µ
−
RN0 = 1, (A.21)
µ+RN1 − µ−RN1 = 0, (A.22)
µ+RN2 + µ
−
RN2 = 0, (A.23)
and
µ+RN0θ
+
RN1 + µ
−
RN0θ
−
RN1 + µ
+
RN1θ
+
RN0 + µ
−
RN1θ
−
0 = 0. (A.24)
The total magnification can be found as
µRN,tot = (2µ
+
RN0 − 1) + 2ǫ2µ+RN2 +O(ε3), (A.25)
while the position of the centroid is
ΘRN,cent = ΘRN0 + εΘRN1 + ε
2ΘRN2 +O(ε3), (A.26)
where
ΘRN0 = |β|β
2 + 3
β2 + 2
, (A.27)
ΘRN1 = 0, (A.28)
ΘRN2 =
|β|
η2(β2 + 2
[
8
3
D2β6 +
(
104
3
D − 16
)
Dβ4 +
(
272
3
D2
−64D + 32
)
β2 − 64
3
D2 − 675
128
π2 + 128
−q
(
8β2 − 135
64
π2 + 32
)
− 27
128
qπ2
]
. (A.29)
The function TRN(R) in the time delay is
TRN(R) = T0 +
3∑
k=1
mk•
rk0
r0TRNk +O
(
m4•
r40
)
, (A.30)
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where
TRN0 =
√
R2 − r20, (A.31)
TRN1 =
√
1− ξ2
1 + ξ
+ 2 ln
(
1 +
√
1− ξ2
ξ
)
, (A.32)
TRN2 =
3
2
(5− q)
(
π
2
− arcsin ξ
)
−
(
2 +
5
2
ξ
)√
1− ξ2
(ξ + 1)2
, (A.33)
TRN3 = −3
2
(5− q)
(
π
2
− arcsin ξ
)
+
√
1− ξ2
2(ξ + 1)2
[5(7 − 3q)ξ3 + (133 − 52q)ξ2
+(157 − 59q)ξ + 60− 22q]. (A.34)
It leads to the scaled time delay as
τˆRN = τˆRN0 + ετˆRN1 +O(ε2), (A.35)
where
τˆRN0 =
1
2
[
1 + β2 − θ20 − ln
(
dLθ
2
0ϑ
2
E
4dLS
)]
, (A.36)
τˆRN1 =
3(5 − q)π
16θ0
. (A.37)
Therefore, the differential time delay between the two lensed images is
∆τˆRN = ∆τˆRN0 + ε∆τˆRN1 +O(ε2), (A.38)
where
∆τˆRN0 =
1
2
η|β|+ ln
(
η + |β|
η − |β|
)
, (A.39)
∆τˆRN1 =
3(5 − q)
16
π|β| (A.40)
The practical observables for the weak deflection lensing by the Reissner-Nordström
black hole are
PRN,tot = E + 3(5 − q)
16
επϑE +O(ε2), (A.41)
∆PRN = |B|
(
1− 3(5 − q)
16
επ
ϑE
E
)
+O(ε2), (A.42)
FRN,tot = Fsrc
B2 + 2ϑ2E
|B|E +O(ε
2), (A.43)
∆FRN = Fsrc − Fsrc 3(5− q)
8
επ
ϑ3E
E3 +O(ε
2), (A.44)
SRN,cent = |B|B
2 + 3ϑ2E
B2 + 2ϑ2E
+O(ε2), (A.45)
– 22 –
∆τ =
dLdS
cdLS
{
1
2
|B|E + ϑ2E ln
(
E + |B|
E − |B|
)
+ ε
3(5 − q)
16
πϑE|B|+O(ε2)
}
, (A.46)
and their deviations from those of the Schwarzschild black holein GR are
δPRN,tot = − 3
16
qεπϑE +O(ε2), (A.47)
δ∆PRN =
3
16
qεπ|B|ϑEE +O(ε
2), (A.48)
δrRN,tot = O(ε2), (A.49)
δ∆r =
15
16 ln 10
qεπ
ϑ3E
E3 +O(ε
2), (A.50)
δScent = O(ε2), (A.51)
δ∆τ = − 3dLdS
16cdLS
εqπϑE|B|+O(ε2). (A.52)
The tidal Reissner-Nordström black hole shares the same formulae in this appendix but
with a negative q.
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